Previously, in [1] , a novel N = 1 super-symmetric algebra in de Sitter space-time was introduced. This paper is an attempt to build a proper N = 1 super-symmetric field theory of classical level in the de Sitter space. The generators, gauge transformations and different fields in a 5-dimensional ambient space notation are defined and corresponding super-space and super-fields are introduced. Finally, the N = 1 super-symmetry Lagrangian in the de Sitter ambient space notation has been derived.
Introduction
Searching for a fundamental theory to describe the nature is the sole purpose of all theoretical physical attempts. This quest brought us from the simplest models to currently most complicated theories in an indirect yet unchanged path, i.e. extension of the symmetries. This extension led us to the Standard Model, then to the Grand Unification theory and afterwards to the idea of the super-symmetry. This may be not the end of the route but it is the best we can produce by the concept of point-particle in Minkowski space-time. Super-symmetry has been surveyed from many points in the Minkowski space-time [2, 3, 4] . However, the extension of the symmetries of the Minkowskian space-time (Poincare group T 4 × SO(1, 3)) lead us to the de Sitter group SO(1, 4), anti-de Sitter group SO(2, 3) and conformal group SO (2, 4) .
Today, considering latest discoveries of the modern astrophysical data, we believe that our world in first approximation is in a de Sitter phase. Therefore, it is important to find a formulation of de Sitter quantum field theory with the same level of completeness and rigour as its Minkowskian counterpart. This formalism was first developed by Bros-Gazeau-Moschella for scalar field (s = 0) and generalized to other fields (s = 1 2 , 1, 3 2 , 2) by Gazeau et al., based on a theoretical rigorous group approach combined with a suitable adaptation of the WightmanGarding axiomatic and the analyticity of the two-point function in the ambient space notation. It has been shown that the massive and massless conformally coupled scalar fields (s = 0) in the de Sitter space correspond to the principal and complementary series representations of the de Sitter group, respectively [5, 6] . The massive fields with a variety of spins (s = 1 2 , 1, 3 2 , 2) are associated with the principal series representation of de Sitter group [7, 8, 9, 10, 11, 12, 13] , whereas massless fields correspond to the lowest of the discrete series representation of the de Sitter group [7, 14, 15, 16, 17, 18, 19, 20] .
Historically, some questions are usually put forth for the non-existence of super-symmetry models with a positive cosmological constant, i.e. super-symmetry in the de Sitter space. Such arguments are often based on the non-existence of Majorana spinors for SO (1, 4) [21, 22] . Pilch et al. have shown that for every spinor and its independent charge-conjugate, de Sitter super-gravity can be established with even N [21] .
In their previous work, [1] , Pahlavan et al. have introduced a new definition of complex conjugate spinor in the de Sitter ambient apace notation [7, 9, 23] , showing that a supersymmetric algebra can be establish in de Sitter space for any odd or even values of N Now, it seems reasonable to aim for the construction of a super-symmetric field theory with N = 1 in the de Sitter space-time.
In this paper, after a brief introduction of the utilized notation, the aforementioned N = 1 super-algebra in the de Sitter space has been reproduced. For some technical reasons, related to the chirality of the intended model (see sec.4), a transformation to the corresponding Weyl representation is made and then, the proper super-space and super-fields in the de Sitter space has been constructed. Afterwards, defining relevant kinetic terms, N = 1 super-symmetric de Sitter Lagrangian is obtained.
Notation
The de Sitter space-time is a solution of the vacuum Einstein equation with positive cosmological constant. It is conveniently seen as a hyperboloid embedded in a five-dimensional Minkowski space [5] dS
where η αβ = diag(1, −1, −1, −1, −1). It has constant curvature 12H 2 and reproduces the Minkowski space-time in the zero curvature limit H = 0 (i.e. when the radius H −1 tends to infinity). The de Sitter metrics reads
where X µ 's are the 4 space-time intrinsic coordinates on the dS 4 hypersurface. A 10-parameter group SO(1, 4) is the kinematical group of the de Sitter universe. In the limit of H = 0, de Sitter group reduces to the Poincare group. There are two Casimir operators
where ǫ αβγδη is the usual anti-symmetric tensor and the L αβ 's are the infinitesimal generators. They obey the commutation relations [1] :
M αβ is the orbital part and can be given by
where
and Θ αβ = η αβ + H 2 x α x β is transverse projection tensor (Θ αβ x α = Θ αβ x β = 0). S αβ is the spinorial part and depends on the spin of the field. For a spin 1 2 field, it can be defined as
where γ α 's are 4 × 4 matrices which are generators of Clifford algebra based on the metrics η αβ :
An explicit and convenient representation for γ's are [7, 8, 9 ]
where 1I is the 2 × 2 unit matrix and σ i s are the Pauli matrices. The spinor wave equation in the de Sitter space-time has been originally deduced by Dirac [24] . It can be also obtained from the eigenvalue equation of the second order Casimir operator [7, 8, 9] (−i xγ.
where x = η αβ γ α x β . In order to obtain an orthonormal spinor basis in ambient space notation, the adjoint spinor is defined by [7, 9] 
ψ(x) and ψ(x) are transform as representations of universal covering group of the de Sitter group SO(1, 4), namely Sp(2, 2) [7, 9] Sp(2, 2) = {g ∈ Mat(2; IHI) :
where g † =g T . g T is transposed of g andg is quaternionic conjugate of g [7] . It should be noted that quaternionic P is
is its conjugate. For every g ∈ Sp(2, 2), there exists a transformation Λ ∈ SO 0 (1, 4), which satisfies the following relations
14)
Using (2.12) and g −1 = γ 0 g † γ 0 , the transformation law for ψ(x) is [7, 9] 
The charge conjugation spinor ψ c in the ambient space notation is [23] : 
The simplest choice is C = γ 2 γ 4 , where the following relation is satisfied
The adjoint spinor (2.12), transforms in a different way in comparison with ψ, under de Sitter transformation. It is easy to show that ψ c transforms in the same way as ψ [23]
The wave equations of ψ c and ψ are different by the sign of the "charge" q and ν [23] . Thus, if ψ describes the motion of a dS-Dirac "particle" with the charge q, ψ c represents the motion of a dS-Dirac "antiparticle" with the charge −q. In other words, ψ and ψ c can describe "particle" and "antiparticle" wave functions. ψ and ψ c are charge conjugation of each other:
N=1 Super-algebra
In order to extend the de Sitter group, we introduced the spinor generator of super-symmetric transformation Q n i , i = 1, 2, 3, 4; n = 1, ..., N. Here i is the spinor index and n is the internal symmetry index. In this paper, the generatorQ n i defined as [1] 
It can be shown thatQγ 4 Q is a scalar field under the de Sitter transformation [1] . A de Sitter super-algebra can be created using following generators:
• L αβ , the generator of infinitesimal transformation of the de Sitter group.
• A mn , the generators of the internal symmetry which are defined as
• A four-component dS-Dirac spinor generator,
Accordingly, we succeeded to establish following super-algebra in this notation [1] :
It is necessary to obtain matrix ε, which determines the structure of the internal group. For even N, de Sitter super-symmetry algebra studied by Pilch et al. [21] and the matrix ε has been obtained explicitly. Above algebra is closed for odd N too, due to the definitions of complex conjugation spinor and charge conjugation in ambient space notation [7, 9, 23] . A new de Sitter super-algebra in the ambient space notation is introduced in this stage for N = 1 case and A 11 = 0, ε = 1. A simple de Sitter super-symmetry algebra is defined by the following relations:
3)
This can be proved, using the generalized Jacobi identities [1] .
N=1 super-space and super-fields in de Sitter space
To construct a super-symmetric model, it is instructive to define a proper N = 1 super-space on the de Sitter space-time. This super-space contains 4 grassmannian coordinates (θ,θ) [2, 3] and de Sitter space-time ambient space coordinates x α . Meanwhile, it is often convenient to use spinors with definite chirality. Therefore, it is better to work out N = 1 super-algebra on Weyl representation. By defining
and
it can be shown that the N = 1 super-algebra in Weyl spinors representation can be written as
where Q i andQ i , i = 1, 2 are super-symmetric spinorial generators in Weyl representation. Note that in dS-Dirac representation, a 4-component spinorial generator (corresponding to four grassmannian coordinates) has been used. Here, in Weyl representation, we are using two 2-component spinorial generators (Q i as generators of transformations on grassmannian coordinates θ i , i = 1, 2 andQ j as generators of transformations on grassmannian coordinates θ j , j = 1, 2) which are related through complex conjugation. From here on, we will always use notations Q andQ for spinorial generators in Weyl representation. Now, one can introduce (x α , θ,θ) as an element of N = 1 super-space on the de Sitter space-time. A finite group element of super-symmetric transformation on the de Sitter space may be defined as fallows [2] :
One other choice for defining the group element is:
The representations (4.7) and (4.8) are equivalent (but not the same):
A function F (x α , θ,θ) is defined on the super-space. Considering the properties of the Grassmann algebra, each super-field is a polynomial [2] . So, the most general form of a superfield in (4.7) is
where θθ = 1 2
. The coefficient functions A, m, n and D are scalar fields, ψ, χ, λ and ρ are spinor fields and ν α is a vector boson field. A simple explicit form of the super-symmetric generators, which satisfy super-algebra (4.3 − 6), on super-field (4.10) can be defined as :
12)
A general super-symmetric transformation will be written in the following form:
where ǫ,ǫ and y α are infinitesimal parameters, i.e.
(idem forD i ), we can define covariant derivatives as
16)
In order to extract the possible physical consequences of super-symmetry, we must construct the representations of the super-algebra in terms of one-particle states, i.e. one-particle "supermultiplets". For N = 1 super-algebra in the de Sitter space, (4.3 − 6), excluding gravitation, two type of supermultiplets are required [2, 3] :
• "Chiral supermultiplets", which are contain one spin 1 2 Weyl fermion field and one scalar field.
• "Vector supermultiplets", which are contain one spin 1 2 Weyl fermion field and one spin 1 vector field.
In case of building a super-symmetric N = 1 model, it is necessary to represent supermultiplets in term of super-fields, which are defined on the irreducible representations of the super-symmetry group. Fortunately, such a this operation is possible in two different ways:
First way is to impose some covariant restrictions on a super-field, to make it independent from one of two grassmannian coordinates [2] . The result is a super-field with one fermionic and one scalar field which can be used to represent a chiral supermultiplet in the theory. Such a super-field is called a "Chiral super-field" and represents scalars and matters.
Second way is to perform some generalized super-symmetric transformation on a super-field to transform away "unwanted" components [3] . By this way, it is possible to create a superfield with a spin 1 vector field and a Weyl spinor field. Such a super-field, which is qualified to represent a vector supermultiplet, is called "vector super-field".
Chiral super-field
We define a chiral super-field through following subsidiary conditions:
This can be solved easily, observing that
Hence, φ depends only on y α and θ (i.e. allθ dependence is through y α ) alsoφ depends only onỹ α andθ. Then, the chiral super-field withe condition (4.18) is [3] :
Utilizing coordinates y α and θ, spinorial generators in this representation (4.20) take the following forms:
One can rewrite the covariant derivatives as
24)
We also need to define a super-potential W (φ), which may be a function of several φ's:
where the label k varies on the number of different φ's which are contributing in W (φ). Using Taylor expansion, (4.26) can be written in the following form:
which is clearly a chiral super-field. Any chiral super-field under infinitesimal super-symmetric transformation transforms to a chiral super-field. Applying liner extension of an infinitesimal super-symmetric transformation on φ(y α , θ), we have
Using (4.16), (4.22) and (4.23) in above equation, we obtain
and by comparing (4.28) with (4.20), the variations of the fields are:
Vector super-field
A vector super-field can be define in representation (4.7) as [3] : 
To construct kinetic terms for the vector field ν α , we must act on V W Z , with covariant derivatives D i andD i , (4.16) and (4.17), through definition
W i is clearly a chiral super-field, which transforms under (4.31), as and (V W Z ) n = 0 for n > 2. Using this property, we obtain:
By replacing (4.36) in definition (4.33), the following relation is obtained:
Hereafter, it is more convenient to use notation V instead of V W Z to represent a vector superfield.
N=1 super-symmetry Lagrangian in de Sitter space
A simple super-symmetry Lagrangian in the de Sitter space contains two general parts: pure gauge Lagrangian and matter Lagrangian. Pure gauge Lagrangian only involves the vector supermultiplet and can be described in term of the vector super-fields. Matter Lagrangian describes couplings among chiral matter fields with scalars and vector fields. We start with building the pure gauge Lagrangian and afterwards we present the matter Lagrangian, then, summarising these two parts, super-symmetry N = 1 Lagrangian in the de Sitter space-time can be obtained. As mentioned, the kinetic terms for a vector super-field could be provided through definition (4.33). Using (4.34), it is easy to see that d 2 θ W i W i is a super-symmetry gauge invariant Lagrangian. To obtain its component expansion, we need the θθ-terms in W i W i . Using (4.16), (4.17), (4.32) andDDθθ = −4(Dθ)
one can obtain terms of (4.37) as follows:
V is defined in adjoint representation of the gauge group, so
where T a 's are generators of the adjoint representation of the gauge group. To simplify the method, we may adopt a gauge group with only one generator (i.e. U(1)). Of course, it is expansion to a larger gauge group is trivial. Now, embedding (5.2) and (5.3) in (4.37) gives:
where 6) which is gauge covariant derivative for spinor field λ. Consequently, we can derive
Then, the pure gauge Lagrangian is
A matter field will transform under gauge transformation by the following form:
Considering this transformation law and (4.31), the termφe V φ is invariant under gauge transformation:φ
So, a simple form for the super-symmetry invariant Lagrangian for matter fields may be 11) where W (φ) andW (φ) are chiral super-fields [2] . Note that any Lagrangian of the form
is automatically super-symmetry invariant (i.e. it transforms at most by a total derivative in space-time), where F is a super-field by definition (4.10). Now, we need to compute the θθθθ components ofφe
In case of mixing the chiral super-fields φ andφ with the vector super-field V on (5.12), first it is necessary to bring φ andφ into representation (4.7). Using (4.9), it is easy to show that
From (5.13), (5.14) and (4.32), for (5.12) we obtain:
The terms which are marked as "total derivatives" in (5.15) will be vanished during integration over all space-time. Also from (4.27), we can conclude
Now, we can put above relations to gather and obtain the matter Lagrangian (5.11): 20) where 
is the scalar potential. In absence of any kinetic terms for scalar fields f and B in (5.25), one can conclude that these are auxiliary fields and we need to remove them by making some proper choices. These choices can be
Then, the scalar potential R(z,z) takes the form
These results are highly alike to the Minkowskian Lagrangian for N = 1 super-symmetry [2] . One can easily extract the equations of motion of the different fields, which are appeared in the Lagrangian (5.24) and compare them with the equations of motion of the original fields in de Sitter space-time.
Conclusions
In a series of papers, it has been shown that the formalism of the quantum field in the de Sitter universe, in ambient space notation, is very similar to the quantum field formalism in Minkowski space-time. In this frame, it is proven that, super-algebra with odd N can be closed in the de Sitter ambient space notation [1] similar to the Minkowskian space. This paper, successfully introduces the super-symmetry Lagrangian for N = 1 in de Sitter ambient space notation, (5.24) . This formalism is highly alike to the Minkowskian counterpart and a very simple relative to intrinsic coordinates system. The importance of this formalism may be shown further by the consideration of the linear conformal gravity [25] and super-conformal gravity in the de Sitter space-time, which have the important role for considering the quantum gravity and its unification with the other interactions.
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A N = 1 de Sitter super-algebra in Weyl representation
To every generator A, a grade p a is assigned where for the fermionic generator p a = 1, and for the bosonic generator p a = 0. The bilinear product operator is defined by The generalized Jacobi identities (L, L, Q) and (L, Q, Q) can be easily utilized to prove the de Sitter super-symmetry algebra, (4.4), (4.5) and (4.6). The generalized Jacobi identity (L,
Using the equations (4.3) and (4.6), the following relations can be obtained: Using equations (4.4) and (4.6), we obtain
We can rewrite (A.10) as
This generalized Jacobi identity once again, verifies the anti-commutation relation of Q i and Q j .
